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We provide suitably amended versions of part of the statement and the proof of Lemma 1
of [1], which were incorrect. We also use this opportunity to add a couple of comments.
Corrections to Lemma 1. The statement that A is super-multiplicative and the resulting
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is well-defined and H(x) ≤ e−ξH (x). Moreover, the elementary bound H(x) ≤ e−φ(1)‖x‖
shows that ξH is a norm on Rd .
The existence of ξ , as stated in Lemma 1, follows from the identity ξ = ξH , which
is obtained along the lines of the proof of Lemma 1 in the following fashion. Let k0
=
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k30‖x‖2, d = 1,
k0 log(k0)‖x‖, d = 2,
k0, d ≥ 3.
The desired identity ξ = ξH now follows from H(x) ≤ A(x)  Cd(x)H(x).
Note that (8) should be replaced by
A(x) ≤ e−ξ(x)+log Cd (x).
This, however, has no impact on the coarse-graining estimates of Sect. 2, and conse-
quently on the rest of the arguments in the paper, for the following two reasons: First, we
are actually working with the function H rather than A in Sect. 2 (using first exit times
from balls) for which (8) holds. Second, the coarse-graining estimates would actually
go through with any uniform estimate of the type A(x) ≤ e−ξ(x)(1−o(1)).
Extension of Lemma 1. A closer look at the proof of Lemma 1 (and a slightly more
involved argument) reveals that positivity of the critical Lyapunov exponent holds when-
ever φ ≥ 0 and φ(1) > 0 with no additional assumption on monotonicity of φ. Note,
however, that the monotonicity assumption on φ is used in an essential way in the rest
of the paper.
Bibliographical complement. The fact that the quenched Brownian motion in Pois-
sonian potential undergoes a first order phase transition from a collapsed phase to a
stretched phase has been established in [2].
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